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ABSTRACT

It is known that the classical Zak Transform is a linear unitary transformation from L*(R) onto L? (Q) whose
image can be completely characterized. In this paper, we shall construct a Boehmian space B; containing L*(R) and another
Boehmian space B, containing L? (Q) and define Zak transform as a continuous linear map of B, onto B,. We shall also
prove that this extended definition is consistent with the classical definition and that there are Boehmains which are not L?

— functions but for which we can define the generalized Zak transform.
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INTRODUCTION

Motivated by the concept of Boehme’s regular operator [4] the theory of Boehmian spaces is developed in the
literature [2], [5], [7], [8], and [11]. Further various integral transforms are also studied in the context of Boehmians with
their properties [1], [6], [9], and [10].

In this paper we shall extend the concept of Zak transform in the context of Boehmians and study its properties.
We shall recall the classical theory of Zak transform in section 2 and we construct suitable Boehmian spaces for our
definition of Zak transform in section 3. In section 4 we define the Zak transform and study its properties. Let R, ¢ denote

the usual real line, the complex plane respectively and Q = [0, 1) x [0, 1).

Let LR) and L2 (Q) denote the set of all Lebesgue measurable functions f on R with f_°°w If (x)]? dx < oo and the

set of all Lebesgue measurable functions F on Q with the double integral fol fol |F (t, w)|? dt dw < oo respectively, where dt,

dw denotes the Lebesque measures on [0, 1).
1113 = 7 1f )12 dx and [FI13 = [ [ [F (& w)]? dt dw.
PRELIMINARIES
We first recall the theory of Zak transform from L?(R) onto L?(Q).
The Zak transform Z,[f] of a function f is defined by
@ (f) = Z,[f] (t W) = (Z.F) (t W) 2 Va Ti__.f (at + ak) e ™V,
where a> 0, tand w are real, f € LY(R).
It follows that @ (f) € L?(Q) and @ is a linear unitary transformation from L%(R) onto L?(Q).

Moreover an inversion formula is also given by
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f(t)= [, (Z HEw)dw, - o<t <o,
f(-2nw) = == [ e™2™" (Zf) (t, w) dtand

-1 1 _2mix z
f(2rx) = ﬁfo e t(Z 1) (t, x) dt,
where f is Fourier transform of f [12].
BOHEMIAN SPACE

We recall the L? — Boehmian space B , see [1].

As in the context of Boehmians in [3] we take the complex vector space as L?(R) and the commutative semi-group

as D(R) with usual convolution defined by

@*y)X=["_dx-DY@®dtXER,

and the operation from L*(R) x D(R) into L%(R) also as the same convolution functions on R defined above. We

take A as the set of all sequences (¢, ) whose elements from D(R) satisfying
A [T da(x)dx=1 vneN
A 7 1da()Idx <M v neN for some M >0
Az S (d,) — 0 asn —oo, where S (db,) =sup {|x: X €R, ¢,(x) # 0}.
Now we construct a new Boehmian space as follows:
Take the vector space as L? (Q) and the commutative semigroup as D(R).
Define ®: L?(Q) x D(R) — L?(Q) by
(F® ) (t W) = [~ F(t w — ) ¢ () dx.
Lemma3.1: If Fe L*(Q)and ¢ € D(R) then F @ ¢ € L*(Q).
Proof: If F € L*(Q) = F:Q—C such that [ [ |F (t,w)|? dt dw < oo,
Where Q = [0, 1) x [0, 1).
We have to prove that F @ ¢ € L?(Q) for ¢ € D(R).
Consider [/ [ |(F® ¢) (tw)|*dtdw = [ [1| [* F(t,w —x). (%) dx |* dt dw
< [} U7 w — )] 1) |dx )dt dw

Since R has finite measure with respect to the measure | d(x) |dx, now we can apply Jensen’s inequality and get

the last integral dominated by
LI IR w — 2P | ()] dx dt dw
— (™ 101 2 .
= [ 16| dx f; f, IF(t,w — x)|* dt dw, (By Fubini’s Theorem)

= [T 1d()] dx. ||F||>= M.||F||* <o, (since F € L*(Q) and A;)
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This implies that, F @ ¢ € L?(Q).
Lemma 3.2: If ¢4, ¢, € D then ¢; * b, =, * d; €D.

For this Boehmian space also we take the ‘Delta Sequences’ as A.
Lemma 3.3: If F € L?(Q), (¢,) € A, then F ® ¢,, —F as n —oo,

Proof: Let € > 0 be given. Using the fact that C (Q) is dense in L?(Q) we can choose H € C, (Q) such that

IIF—H|l<€ 1)
Now

IF® ¢y —Fllo < |IF® ¢ —H® &yl +[[H® ¢, — HI|2 + [[H - F )
Consider

IF® ¢y —H® dollF = [ [ I(F® by —H® b,) (tw)|? dt dw
= 3 17 (F 6w — x) = H(t, w — 1)) by () dx] dt dw
< [ L U7 IFGw = x) — Hit,w = 0. b, (0)] dx)? dt dw
< [ I IR w = 0) = H(t w = )1 [y () |dx dt dw
(By Jensen’s inequality)
< 7 1da @l dx. [ f) I(Fw —x) = Ht w — x)|? dt dw
(By Fubini’s Theorem)
< 7 1pn()| dx . [[F—H[*<M|[F-H||?< M€ - 0asn —.

Therefore, |[FQ ¢, —HQ Pp,ll, > 0asn— (3)

Next
IH® ¢, —HIZ = [ f; I(H® by — H) (tw)[* dt dw
= Jy [ 17 (HE w — x) = H(t w)) &, (x) dx[*dtdw,  (By Ay)
< Jy FY U7 IHEG W = ) = H(t, )] [y (x) 1dX) 2 dt dw
< J3 [ 7 IHE w — x) = H(t w) Pida (9 [dx dt dw
(By Jensen’s inequality)
< 7 1da @l dx. f f) I(H(tw — x) — H(t w)[? dt dw
(By Fubini’s Theorem)
< [21éaGldx. [f, I(HEwW =) —H(tw)|’ dtdw v n=N @),

Where K compact subset of Q, with supportof H C K C Qand N; € Nissuchthat S (¢,) <1 Vn>=N;
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Since H is uniformly continuous on compact set K. Hence for given € > 0 there exists § > 0 such that
[H (X, y¥) — H (u, v)] < € whenever |(X, y) — (u, V)| < §.
Now choose N, € N such that S (¢,)<d Vhn=N,
Therefore RH.S. of (4) <M €’ ff, dtdw < C € for some 0 <C <o — O asn — oo.
Therefore, |[H® ¢, — H||— 0asn — o ®)
Using (1), (3) and (5) in (2), we get, ||IF @ ¢, — F||—> 0asn— o = F® ¢, —F in L*(Q) as n —x.
Lemma 3.4: If Fy, F, € L%(Q) and (&,,) € A, such that F;® ¢, = F,& ¢, V n € Nthen F; = F, in L?(Q).
Proof: AsF1Q ¢, =F.&Q ¢, YneN
Letting n —o0, we get F; = F,.
Lemma3.5: IfF, >Fasn—winL?>(Q)and b e D(R)then F, ® ¢ — F® dpasn — o in L 4(Q).
Proof: From above
Il B ®O—FQ®IZ = [y 1 /7 F (bw—x) = F(t, w — x))d(x) dx| *dt dw
< LU 1B (6w = x) = B(tw — x) | [$(x) [dx) ? dt dw
< [ 7R w =) = F(t,w — 07| (x) [dx dt dw
(By Jensen’s inequality)
< [Z 1@l dx [ [ 16w —x) —Ftw—x) | dtdw
< JZ, 160G dx . |IF, = Fll§ < C||F, —F|l} — 0asn— o,
for some suitable constant C.

E, ®d—FQd||[—>0asn— oo
Thereforewe get £, ® & — F @ ¢ in L%(Q) as n — oo.

Lemma 3.6: If F, — F asn — o0 in L?(Q) and (¢,,) € A then F, ® ¢, —F asn — oo in L?(Q).
Proof: Consider ||F, ® d - Fll < [|(F,~ F) ® dull 2+ |IF® d, - Fll; (1)
Now, [|(F, = F) ® ¢, 113 = [ J, 1(Fi- F) ® by (6 w)[* dt dw
= S (Bt w = ) — Bt w — %)) b, () d] ? dt dw
< ) U B Gw = x) = Fw = 0. [b, ()] dx) ? dt dw
< S IR (6w = x) = F(t,w — x)[? [y ()] dx dt
(By Jensen’s inequality)

= [ 10 @I dx [ [ 1F(tw—2x) = Ft,w—x) [*dtdw
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= 7, 1bn ()l dx . |IF, = FII5 < M.||F, —F|} — 0asn— o
(ByAzand F, = F as n — o)
> |(F-F) @ dullo—>0as n - 2)
Also by Lemma 3.3 we get ||[F® ¢, -F||, — 0asn — o (3)
Using (2) and (3) in (1) we get, ||F, ® ¢, - F||, — 0 as n — oo therefore F, @ ¢, — Fasn — o in L?(Q).
Now the Boehmian space Bé can be constructed in a canonical way. The notation of § - convergence on Bé is
defined as follows vy, i y as n — oo if there exists (¢) € A such that v, ® ¢, and y® ¢, € L*(Q) and

o ® b=y ® Py in L(Q).

We shall use the following lemma; whose proof can be taken from [5].

)
Lemma 3.7: y, > yasn — win Bé if and only if there exists F,,, F, € L?(Q), and (¢y) € A, such that y, = [Z—"] y =
k

[;—i] and F,, — Fjin L?(Q) as n —x, for each k € N.

Fn - - - - Fn .
Where [¢—k]and [i—ﬂ denotes equivalence classes containing the quotients of sequences¢—k and g—" respectively.
k k k

ZAK TRANSFORM
Definition 4.1: Define the Zak transform Z,: B — Bj by

Z, (L::—”D 2 [%f“)], where ®(f,) is a Zak transform of f, and [%f")] denote the equivalence class containing

the quotient of sequence %.

n

Lemma 4.1: If f € LAR) and ¢ € D(R) then @ (f+ ) (t, W) = (OF® ¢ ) (t, W)

Proof: ® (f = ¢) (t, w) = Va Xy—_.(f = ¢ )(at + ak) e~ 27k

Va S, [” flat — x) + ak] ¢ (x) dx e2mikw

J7 NaZi__.f(a(t — x) +ak) e "] ¢ () dx (Since ¢ € D(R))

7 of (tx, W) ¢ (x) dx

(@f®@¢) (. w)
Therefore o(f *¢d ) (L, W) =(@fX ) (t, w) V(t, we Q.

Lemma 4.2: The Zak transform Z,: Bf — B is well defined.

Proof: Let [¢L] € B2 then £, € L%(R) and (,) € A. This implies that ®(f,) € L2 (Q).

We shall show that % is a quotient. Since [f] €EB: > 4{"

n

is a quotient we have, f, * ¢, = fr, * P, VM, N E

Applying the classical Zak transform on both sides and by Lemma 4.1 we get
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(D(fn)® b = (D(fm)® ¢, VMnNneN= % isa quotient.

Next we show that the definition of Z, is independent of the choice of the representative.

Let 2 =92 then we have f, * Uy, = gy * by VM, NEN.

én  Un

Again by applying classical Zak transform and by using Lemma 4.1, we get
O(f,) QU =0(g,)® b, ¥ m, n €N. Hence the lemma follows.

Theorem 4.1: The Zak transform Z, : B3 — Bj is a linear map.

Proof: Let [4{_2] ) [i—z] € B} a,BE ¢ Now Z, (x [d’:_’:l]J, B [i_:]) -7, ([an*linnjtﬁfn*%])

= [ fnrn +Bgn*dn_ .
B [ b *Un ] (By definition)

_ [x®(fn)®Yn +BP(gn)®Pn
= [ P ] , (ByLemma4.1)

— I:“(D(fn)_l_ BP(gn)
¢n Yn

— [‘D(fn)] +p [cb(gn)

= In In_
=ecz([3]) +pza([5E])
In this proof we have used the fact that @ is linear wherever it is required.
Theorem 4.2: The Zak transform Z,:B; — Bj is one-one.

Proof: Let [df_ﬂ [ ] € B3 IfZ, ( D ([ D then we have [d)(f")] [d)(g")] and hence we get

O(f)Q YU =P(gn) @ b VM, nEN.
Using Lemma 4.1 We get @ (f;, * U,) = O(gy, *d,) VM, NnEN.
Since, @ is one-to-one we get, f,, * Y, = gm * dn vm,neN

(Since Zak transform is isometric from L%(R) onto L?(Q)).

This implies that [q’:—"] =[j—:]. Therefore, Z, is one-to-one.
Theorem 4.3: [i—’;] =7, ([q’:—:]) if and only if F, € L (Q) ¥ n € N, in particular Z,: B — B} is onto.
Proof: Since [ ] Z, ([¢n]) [d)(f")] this implies that F, € L?(Q) v n € N.

Conversely if there exists Il eB2 such that E, € L2(Q) , then we can choose f, € L*(R) Such that ®(f,) = F,
¢ Q

v neN.

First we show that 4{—" is a quotient. Since qi—" is a quotient we have

n

EEQdb,=FE,®dbd,YvmneNie Of,)R o, =0(f,,)Q ¢, vm,neN.
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By Lemma 4.1, we have @ ( f;, * &) = O( fr, * ) VM, N EN

Since @ is one-one we get, f, * &y, = fn * G, VM, N EN= d’:—" is a quotient.

Therefore [i—’;] € B2 Such that Z, ([i—’; ) = [%] = [i_:]

Hence the theorem follows.
Theorem 4.4: The Zak transform  Z,: Bz — B} is consistent with @ : L*(R) — L*(Q).

Proof: Let f € LR). Then by Lemma 4.1, we have

z, ( f;fn]) _ [cb(f;n%)]:[@(f)ﬁqan)]

Hence the theorem proof is completed.

Theorem 4.5: The Zak transform Z,: B3 — Bé is consistent with respect to the § - convergence.

5
Proof: Letx, - X asn — o in B3, then by Lemma 3.7 there exist, far fr € L*(R), and (¢,,) € A such that x, = [};’)‘—"] ,
’ k

X=|—|and f,, — fy asn— oo INn or eac € N. Since @ is continuous from i , this implies (o} n
5)" d f, in L(R) f hkeN. Si [ i from L*(R) — L?(Q), this implies ®(f;,,)
k

— ®(f,) asn — oo in L?(Q) for each k € N.
D(fn, )] 0 .
This shows that [M] - [M] asn — win B3,
bk Pi
Therefore Z, is consistent with respect to the 5 — convergence.

A COMPARATIVE STUDY

We know that L(R) is properly contained in B (for example compactly supported distributions belong to B2 but
do not represent L? - function) and we have proved that Z, is consistent with ®. Thus our theory extends the classical Zak

transform on L*(R) to a Boehmian space as a continuous linear map of B into B2 whose image can be completely

characterized.
CONCLUSIONS

In this paper, we extend the definition of classical Zak transform to larger class and this is consistent with the
classical definition. There are some functions which are not Zak transformable in classical sense but for which we can

obtain the generalized Zak transform.
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